Abstract. A classical result of Colliot-Thélène and Sansuc states that the only obstruction to the Hasse principle and weak approximation for generalised Châtelet surfaces is the Brauer-Manin one, conditionally on Schinzel's hypothesis. Inspired by their work, we study the analogous questions concerning the existence and the density of integral points on the corresponding affine surfaces, again under Schinzel's hypothesis. To be precise, we show that the Brauer-Manin obstruction is the only obstruction to the integral Hasse principle for an infinite family of generalised affine Châtelet surfaces. Moreover, we show that the set of integral points on any surface in this family satisfies a strong approximation property off infinity with Brauer-Manin obstruction.
Introduction
This article is concerned with the study of the integral Hasse principle and strong approximation off infinity in the context of affine varieties closely related to Châtelet surfaces.
A Châtelet surface X over a number field k is a smooth proper model of the affine surface defined over k by x 2 − ay 2 = P (t), where a is a non-zero element of k \ k 2 and P (t) ∈ k[t] is a separable polynomial of degree 3 or 4. The arithmetic of these varieties is very well understood by the work of Colliot-Thélène, Sansuc and Swinnerton-Dyer [CTSSD87a] , [CTSSD87b] which shows that the only obstruction to the Hasse principle and weak approximation for X is the BrauerManin one. This is a cohomological obstruction introduced by Manin [Man74] which relies on the fact that all rational points on X are orthogonal to the Brauer group Br X of X under the Brauer-Manin pairing. An overview of this obstruction is presented in the next section. Colliot-Thélène, Sansuc and Swinnerton-Dyer's result is conjectured to hold in a greater generality. It was observed by Colliot-Thélène and Sansuc that conditional results in this direction can be obtained, assuming the following hypothesis.
Hypothesis H (Schinzel's hypothesis). Let P 1 (t), . . . , P n (t) ∈ Z[t] be irreducible polynomials over Z with positive leading coefficients and such that the set of values n i=1 P i (m) for m running in Z has no fixed prime divisor. Then there exist infinitely many natural numbers m ∈ N such that each of P 1 (m), . . . , P n (m) is a prime.
Using ideas of Hasse, Colliot-Thélène and Sansuc [CTS82] have employed Hypothesis H to show that the Brauer-Manin obstruction is the only obstruction to the Hasse principle and weak approximation for a Châtelet surface with P (t) of arbitrary degree. This is established under a mild additional assumption on P (t) which was later removed by ColliotThélène and Swinnerton-Dyer [CTSD94] .
Unconditional results when P (t) is of arbitrary degree were attained by Browning, Matthiesen and Skorobogatov [BMS14] if P (t) ∈ Q[t] is a product of linear factors over Q. In this setting a variant of Hypothesis H is available via recent developments in additive combinatorics.
Let X be an affine variety defined over Z. A question of major importance is to determine if the set of integral points X(Z) on X is non-empty. To do so, usually, one firstly studies if there are any local obstructions to the existence of integral points on X. In other words, if X = X × Z Q, then one defines the space of adèles of X as
The inclusions of Z into each ring of p-adic integers and into the reals allow the set X(Z) to be embedded diagonally into the space of adèles of X. If X(A Z ) = ∅ is sufficient to imply that X(Z) = ∅, then X is said to satisfy the integral Hasse principle.
It is a well-known fact that not all varieties satisfy the integral Hasse principle and thus additional obstructions must be taken into account. It was discovered by ColliotThélène and Xu [CTX09, §1] that the Brauer-Manin obstruction is relevant in this context. Without getting into technical details let us briefly describe this obstruction.
For each element α of Br X one defines the set X(A Z ) α of all adélic points orthogonal to α in the sense explained in section 2. The observation of Colliot-Thélène and Xu is that there are inclusions of sets
The Brauer-Manin obstruction is said to be the only obstruction to the integral Hasse principle if X(A Z ) Br X = ∅ is sufficient to imply the existence of an integral point on X.
Colliot-Thélène and Xu point out that if the quotient Br X/ Br Q is finite, then only finitely many computations are needed in order to detect if
The space X(A Z ) can be viewed in a natural way as a topological space equipped with the product topology. Since Z is not dense in R, at least one component of X(A Z ) must be removed when the density of
. 102] and thus the inclusions (1) imply that the closure of X(Z) lies inside X(A Z ) Br X . The variety X satisfies strong approximation off infinity with Brauer-Manin obstruction if
The objects of particular interest to us are the affine surfaces X ⊆ A 3 defined over Z by
where a is a non-zero integer and P (t) ∈ Z[t] is a separable polynomial over Q of arbitrary degree. We shall refer to them as generalised affine Châtelet surfaces. Assuming Hypothesis H, our main result shows that the Brauer-Manin obstruction is the only obstruction to the integral Hasse principle provided that a is an even square-free integer and the irreducible factors of P (t) satisfy certain restrictions. Moreover, we show that each such surface satisfies strong approximation off infinity with Brauer-Manin obstruction with respect to the t-coordinate.
In the case when a = −1 and P (t) = t k − m the integral Hasse principle and strong approximation off infinity with Brauer-Manin obstruction with respect to the variable t were already studied by Gundlach [Gun13] . His methods can be generalised to work for an arbitrary P (t) if the assumption a = −1 is kept. Although our investigation and Gundlach's ideas are different in nature, both approaches rely on Hypothesis H. Colliot-Thélène and Harari [CTH16, p. 175] have remarked that the questions about integral points on generalised affine Châtelet surfaces are beyond reach with the current techniques. Indeed, the projection to the t-coordinate endows X = X × Z Q with a conic bundle structure over the affine line. The two main difficulties according to Colliot-Thélène and Harari are that, on one hand, for any smooth fibre X t the quotient Br X t / Br Q is infinite, while on the other hand, the fibres corresponding to the zeros of P (t) are not split.
There is an additional difficulty when studying the existence of integral points on an affine variety X defined over Z. Jahnel and Schindler [JS17, p. 3] have remarked that there may be an obstruction at the archimedean place. It may occur, for example, if X(R) is compact. Berg [Ber17, Prop. 1.4] has observed that such an obstruction is present in the case of generalised affine Châtelet surfaces. Thus certain unboundedness conditions must be required. Such conditions feature in our main result.
It is not an easy task to give an explicit description of the elements generating the Brauer group modulo constants of the generic fibre X = X × Z Q of a generalised affine Châtelet surface X over Z. This is, usually, the first step towards understanding what the Brauer-Manin set of X is. To the best of our knowledge the only work in this direction was accomplished by Berg [Ber17] . She describes the quotient Br X/ Br Q in the case when P (t) is an irreducible over Q quartic polynomial [Ber17, Thm. 1.1] and when it is irreducible over Q of arbitrary degree with additional assumptions on the splitting field of P (t) and Q( √ a) [Ber17, Thm 1.2]. Many of the surfaces considered in our main result are not covered by her work. Such is the case if, for example, P (t) is not irreducible and of degree at least 5. Let P 1 (t), . . . , P n (t) be the irreducible factors of P (t) as a polynomial of Q[t]. It is clear that each quaternion algebra (a, P i (t)) belongs to Br X. Indeed, since (a, x 2 − ay 2 ) is the trivial element of Br(Q(X)) we have
in the Brauer group of the function field of X. On the other hand, (a, P i (t)) is an Azumaya algebra on the open subvariety U given by P i (t) = 0 while j =i (a, P j (t)) is Azumaya on V given by j =i P j (t) = 0. Moreover, the above verifies that these two quaternion algebras are compatible on U ∩ V . The condition P (t) separable implies that X = U ∪ V is smooth and thus Br X injects into Br(Q(X)) and (a, P i (t)) lies in the image of this injection. We overcome the difficulties in the study of integral points on generalised affine Châtelet surfaces by injecting tools from algebraic number theory into the method of Colliot-Thélène and Sansuc [CTS82] . More precisely, let X be such a surface. Under the assumption of Hypothesis H, we use the technique suggested by Colliot-Thélène and Sansuc together with Proposition 4.1. This allows us to reduce the main problem to understanding if a suitable fibre X t over an integral t with X t (Q) = ∅ has an integral point. We answer this positively with the help of Proposition 3.1 which makes use of the ideal class group of Q( √ a) to show that the obvious integral model of X t has an integral point. We would like to stress on the fact that Proposition 3.1 can be viewed as a separate result, a corollary of which is that certain affine conics satisfy the integral Hasse principle. Our method has the advantage that it requires no knowledge of an explicit description of the Brauer group of X, we only work with (a, P 2 (t)), . . . , (a, P n (t)) ∈ Br X. Our main result is the following. Theorem 1.1. Let P 1 (t), . . . , P n (t) be distinct monic irreducible polynomials of Z[t] with deg P i (t) ≥ 2 when i = 1. Let a be a non-zero even square-free integer and let c be any nonzero integer. Assume that the discriminants of the splitting fields of P 1 (t), . . . , P n (t) are pairwise coprime and coprime to a. Assume further that the Galois group of the splitting field of P i (t) is cyclic for each i = 1. Assume as well that one of the following holds:
(i) a < 0, c > 0 and none of the polynomials P i (t) have real roots, (ii) a > 0 and −1 is a norm of an element of Z[
√ a].
Let X ⊂ A 3 be the affine surface defined over Z by
Assume Hypothesis H and assume that
Then X(Z) = ∅ and for each adélic point {M p } ∈ ∩ n i=2 X(A Z ) (a,P i (t)) and for each finite set S of primes there exists a point in X(Z) which is as close to M p for each finite prime p ∈ S in the variable t as we wish.
It follows from (1.1) that in the statement of Theorem 1.1 we can replace the set n i=2 X(A Z ) (a,P i (t)) with the set i =j X(A Z ) (a,P i (t)) for any j ∈ {2, . . . , n}.
The conclusion of Theorem 1.1 implies that, conditionally on Schinzel's hypothesis, the Brauer-Manin obstruction is the only obstruction to the integral Hasse principle for any X considered in its statement. Let us point out that its proof, in fact, requires less assumptions on the polynomials P i (t) when certain choices of a are made. If the class number of Q( √ a) is 1 or 2, then Remark 3.2 implies that we need no assumption on the discriminants of the splitting fields of P 1 (t), . . . , P n (t) as well as no assumption on their Galois groups. Moreover, there is no need to assume that any of the polynomials P i (t) is monic or that deg P i (t) ≥ 2 when i = 1. In particular, Theorem 1.1 has the following corollary.
Corollary 1.2. Let a be a positive even square-free integer such that the class number of Q( √ a) is 1 or 2 and such that −1 is a norm of an element of Z[
irreducible polynomial over Z of arbitrary degree. Let X ⊂ A 3 be the affine surface defined
Then X satisfies the integral Hasse principle under the assumption of Hypothesis H.
We would like to conclude with a numerical example of a generalised affine Châtelet surface X for which Corollary 1.2 implies the existence of an integral point. Let a = 2 and let P (t) = t 5 + 6t 2 + 3t + 3. Eisenstein's criterion verifies that P (t) is irreducible. Moreover, the class group of Q( √ 2) is trivial and −1 is the norm of 1 + √ 2 which is an element of Z[ √ 2]. Thus Corollary 1.2 is applicable. Hence it suffices to verify that X(A Z ) = ∅. It is clear that X(R) = ∅. Hensel's lemma and the existence of non-trivial solution to x 2 − 2y 2 ≡ 3 mod p imply that X(Z p ) = ∅ for each p = 2, 3. When p = 2 or 3 the solutions (1, 1, 4) and (1, 0, 1) to x 2 −2y 2 ≡ P (t) mod 8 and mod 3, respectively, and Hensel's lemma
show the existence of a point in X(Z p ). Thus X(A Z ) = ∅. We are now in position to apply Corollary 1.2 which implies that X has an integral point under Schinzel's hypothesis. In fact, a brute-force search shows that (59, 47, −4) ∈ X(Z). This paper is organised as follows. In section 2 we give an overview of the BrauerManin obstruction for integral points. Section 3 is dedicated to the proof of the key result of this work, Proposition 3.1. In section 4 we state and prove a supplementary result, Proposition 4.1 and its Corollary 4.2. The latter are needed in order to implement Proposition 3.1 into the descent method of Colliot-Thélène and Sansuc. The last section is left for the proof our main result, Theorem 1.1.
Notation. Throughout the rest of this article the following convention will be in force. For any number field k we shall use O k for its ring of integers. We preserve a for a fixed non-zero integer additional restrictions on which will be imposed in different sections of this paper. Let K = Q( √ a) and let Cl K be the ideal class group of K. The symbol [·] denotes an element of Cl K and we shall write h = #Cl K for the class number of K. For any b ∈ K × let (b) denote the principal fractional ideal bO K .
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The Brauer-Manin obstruction
This section contains a short overview of the Brauer-Manin obstruction for integral points discovered by Colliot-Thélène and Xu [CTX09, §1] in the special case of varieties defined over Z. Let X be any separated scheme of finite type over Z and let X = X × Z Q. For any number field k we use the standard definition for the Brauer group Br k of k. The Brauer group Br X of X is the cohomological Brauer group H 2 et (X, G m ) with respect tó etale cohomology. Where it is more convenient we shall use Q ∞ to denote the real numbers and by convention Z ∞ = R.
For each α ∈ Br X class field theory yields evaluation maps ev α : X(Q p ) → Br Q p . Moreover, there is a group homomorphism inv p : Br Q p → Q/Z. Thus, for each prime p including infinity there is a map
An adèle on the variety X is a point {x p } ∈ p≤∞ X(Q p ) such that, for all but finitely many primes x p belongs to X(Z p ). The set of adèles of X will be denoted by X(A Q ). The set of rational points on X can be embedded diagonally in X(A Q ) and we identify X(Q) with its image under this embedding. There exists a natural pairing, the Brauer-Manin pairing, between the set of adèles X(A Q ) and the Brauer group Br X of X. This pairing is given by
The following diagram with respect to (2) and (2) is commutative.
The Hasse reciprocity law states that the bottom line of the above diagram is a short exact sequence. This implies that any element of X(Q) is in the left kernel of the pairing (2) and the image of Br Q → Br X is in the right kernel of this pairing. Thus we get an induced pairing
Since we are interested in the existence of integral points on X recall that the set of (integral) adèles on X is defined as
The Brauer-Manin obstruction of Colliot-Thélène and Xu [CTX09, §1] can be described in the following way. One can view X(A Z ) as a subset of X(A Q ) by separateness of X. Therefore, the latter pairing above induces a pairing
which vanishes on the image of X(Z) in X(A Z ) by (2). As before, we identify X(Z) with the image of X(Z) in X(A Z ). For any α ∈ Br X/ Br Q let X(A Z ) α denote the set of points in X(A Z ) orthogonal to α under the pairing (2.1). Define the Brauer-Manin set of X as
It follows that
There is a Brauer-Manin obstruction to the integral Hasse principle for X if the set of adèles X(A Z ) is non-empty but the Brauer-Manin set X(A Z ) Br X is empty. Alternatively, the Brauer-Manin obstruction is the only obstruction to the integral Hasse principle for X if X(A Z ) Br X = ∅ is sufficient to imply the existence of an integral point on X.
Integral points on affine conics
This section is dedicated to the key result of this work. The notation set up earlier is still in power.
Proposition 3.1. Let a be a non-zero even square-free integer and let δ ∈ {±1}. If a > 0 assume as well that −1 is a norm of an element of O K . Let S be a finite set of finite primes of Z which are not inert in O K . Let p 1 , . . . , p h be prime ideals of O K above split primes p 1 , . . . , p h ∈ S, respectively, such that
has a solution with x, y ∈ Q, it also has a solution with x, y ∈ Z.
Proof. Let x = m/k, y = l/k ∈ Q be a solution to (3.1). Without loss of generality we can assume that δ = 1. Indeed, if a < 0, then (3.1) has a rational solution only if δ = 1. On the other hand, if a > 0 note that
since a is an even square-free integer and −1 is a norm of a element of O K . Thus δ = u 2 − av 2 for some u, v ∈ Z. We can multiply both sides of (3.1) by δ. Redefining m and l if needed gives
We can further assume that (m, l) = 1. Indeed, if a prime p divides (m, l), then p 2 divides the right hand side and since p i ∈ S for i = 1, . . . , h, then p | k. Thus we can divide both sides of the equation above through the common factor p 2 .
where ′ denotes the conjugate of an ideal in O K , i = (m − l √ a) and the product is taken over the corresponding prime ideals above the primes in S. If a prime p ′ from the product pp ′ divides i, then we swap the labels of p and p ′ so that it is p which divides i. Let S denote the set of primes p appearing in the product pp ′ which divide i. Thus there is a prime ideal p ∈ S dividing p for each prime p ∈ S and the ideals in S are pairwise coprime and non-conjugate. Since p 1 , . . . , p h are pairwise coprime and coprime to the primes in S, then
where r j is either p j or p ′ j for all j = 1, . . . , h and jj
We claim that the only common factors of i and i ′ are built up of prime ideals lying over primes of Z which ramify in O K and therefore the same must be true
Thus q lies over a prime which divides d K and we know that all such primes ramify in O K . If a ramified prime divides k the ideal above it must appear to an exponent which is a multiple of 4 in the prime factorisation of (k)
2 . Since we took jj ′ = (k) 2 , then a standard application of unique prime ideal factorization theorem shows that j = k 2 and j
We have shown that
Since i is a principal ideal the following equality in the class group Cl K holds:
Remark 3.2. Assume that class number of K is 1 or 2. Then (
2 is a trivial element of Cl K . Thus, as we shall see later, the last equation above implies the existence of a principal ideal of O K of norm the right hand side of (3.1). This is enough to claim the existence of an integral solution to (3.1). Note that in this case there is no need to assume that there are primes p 1 , . . . , p h with the property stated in the statement of Proposition 3.1 in the factorisation of the right hand side of (3.1).
Swapping r j and r ′ j for some j ∈ {1, . . . , h} above will preserve the fact that the class on the left hand side is a square in Cl K . Indeed [r j r If this happens, then we use the fact that −1 = u 2 − av 2 for some u, v ∈ Z. Then −m 2 * + al
Thus (um * + avl * , ul * + vm * ) is an integral solution to (3.1). This concludes the proof of Proposition 3.1.
A Chebotarev density result
This section is dedicated to two supplementary results which allow us to implement the original idea of this work presented in Proposition 3.1 in the descent method. The conventional agreement set up earlier in 1 is still in power.
Proposition 4.1. Let P 1 (t), . . . , P n (t) be monic irreducible polynomials of Z [t] . Assume that the discriminants of the splitting fields of P 1 (t), . . . , P n (t) are pairwise coprime an''d coprime to the discriminant d K of K. Assume as well that the Galois group of the splitting field of P i (t) when i = 1 is cyclic. Then there exist infinitely many h-tuples (p 1 , . . . , p h ) of distinct primes of Z such that (i) P 1 (t) is a product of non-repeated linear factors mod p j for j = 1, . . . , h.
(ii) P 2 (t), . . . , P n (t) are all irreducible mod p j for j = 1, . . . , h
The elements of Cl K are precisely the classes of p 1 , . . . , p h .
Proof. For each i = 1, . . . , n let α i be a root of P i (t) defined over a fixed algebraic closure Q of Q. Let L i = Q(α i ) and let F i be the Galois closure of L i /Q. Note that by construction F i is the splitting field of P i (t).
Let p ∈ Z be a prime not dividing the conductors of Z[α 1 ], . . . , Z[α n ] and the discriminants of L 1 , . . . , L n . The set of primes which fail these assumptions is finite. We begin by translating the conditions (i), (ii), (iii) and (iv) to conditions on certain associated to p elements of the Galois groups of appropriate number fields.
Since p does not divide the conductor of Z[α i ], then P 1 (t) is a product of distinct linear factors mod p if and only if p splits completely in L 1 [Neu99, Prop. 8.3, p. 47]. We know that if a prime splits completely in a field extension of L 1 , then it must split completely in L 1 . Indeed, this is true because the inertia degree and the ramification index are multiplicative in towers of field extensions. Therefore, in order to show that P 1 (t) is a product of non-repeated linear factors mod p it suffices to check that p is completely split in F 1 .
Note that for each i = 1, . . . , n the prime p does not divide the discriminant of L i and thus it must be coprime to the discriminant of F i [Hil98, Thm 86, p. 97]. The latter implies that p is unramified in F i . This, in particular, means that the Artin symbol is well defined on prime ideals of O F i above p.
We can understand how p decomposes in O F 1 by looking at the Artin symbols of the primes of O F 1 above p. Let P 1 | p be a prime ideal of O F 1 . The Artin map associates an element of the Galois group Gal(F 1 /Q) to P 1 . The prime p splits completely in F 1 if and only if this element is the identity [Cox89, Cor. 5.21 (iii), p. 107], i.e.
The same argument applied to P i (t) when i = 2, . . . , n verifies that P i (t) is irreducible mod p if pO F i = P i is inert in the Galois closure F i of L i /Q. By [Cox89, Cor 5.21 (ii), p. 107] this is detected by the condition
where σ i is a generator of the cyclic group Gal(F i /Q 
We need to combine all the conditions listed above. To do so, we first examine the structure of the Galois group of a tower of compositums. Recall that if F and F ′ are two number fields, then the discriminant of their compositum F F ′ is divisible precisely by those primes which divide the discriminant
Thm 85, p. 97]. In other words, the primes which ramify in F F ′ are precisely those which ramify either in F or in F ′ .
Since the discriminants of F 1 , . . . , F n are pairwise coprime it follows from the discussion above that for each j = 2, . . . , n no primes ramify simultaneously in F j and M j−1 . We know that Q has no unramified field extensions and thus F j ∩ M j−1 = Q for each j = 2, . . . , n. We are now in position to apply [Lan02, Thm. 1.14, p. 267]. By doing so several times, we see that M n is Galois and its Galois group is of the shape We see from the discussion above that the primes which ramify in M n are precisely those which divide the product of the discriminants of F 1 , . . . , F n . By definition H/K is unramified and thus the primes of Z which ramify in H are precisely those which divide d K . Thus the assumption that (d F 1 . . . d Fn , d K ) = 1 implies that the set of primes which ramify in M n ∩ H is empty. We deduce that M n ∩ H = Q because Q has no unramified field extensions. Let M = M n H. We are now in position to apply [Lan02, Thm. 1.14, p. 267] once more. It tells us that M/Q is Galois and its Galois group Gal(M/Q) is the direct product Gal(M n /Q) × Gal(H/Q). This together with (4.1) and (4.2) imply that
What is left is to take the element
We apply Chebotarev's density theorem [Cox89, Thm. 8.17, p. 170] to the conjugacy class σ in Gal(M/Q). By doing so we conclude that there are infinitely many primes p of Z which split completely in F 1 and which are inert in F 2 , . . . , F n . Moreover, they split in K as (p) = pp ′ and the classes [p] = [a] coincide in Cl K . Now let a 1 , . . . , a h be ideals of O K , each of them representing a different element of Cl K . We apply the argument above with each of the ideals a 1 , . . . , a h . In this way we get infinitely many h-tuples (p 1 , . . . , p h ) of distinct primes of Z satisfying the assumptions of Proposition 4.1. This concludes its proof.
The following corollary of Proposition 4.1 will be needed in the proof of Theorem 1.1. (p 1 , . . . , p h ) be an h-tuple of primes satisfying the conclusion of Proposition 4.1. If, moreover, each of the polynomials P i (t) when i = 1 is of degree at lest two, then for each j = 1, . . . , h there exists a λ p j ∈ Z p j such that
Proof. It is enough to show the claim for one of the primes p 1 , . . . , p h . Let p = p 1 , say and let d be the degree of P 1 (t). Proposition4.1 ensures that P 1 (t) is a product of distinct linear factors mod p, i.e.
We can assume that α 1 , . . . , α d are the reductions mod p of some elements lying in the set {0, . . . , p − 1}. We shall use the same symbols for the preimages of α 1 , . . . , α d in {0, . . . , p − 1}.
The factorisation of P 1 (t) mod p implies that there exists a polynomial R(t) ∈ Z[t] such that in Z[t] we have the identity
Note that none of the linear polynomials t − α i ∈ Z[t], i = 1, . . . , d divides R(t). Indeed, if t − α i was a factor of R(t), then t − α i would have been a factor of P 1 (t) as a polynomial in Z[t]. This contradicts the assumption that P 1 (t) is irreducible.
It is clear that none of α 1 , . . . , α d is a root of the reduction mod p of any of the polynomials P 2 (t), . . . , P n (t). Indeed, if it was, then t − α i would have been a linear factor of this polynomial mod p. This is impossible because Proposition 4.1 implies that each of P 2 (t), . . . , P n (t) is irreducible mod p and none of them is linear mod p since we have assumed that they are all monic of degree at least two.
We claim that we can choose λ p ∈ Z p in the following way:
. . , n it follows that p does not divide the product P 2 (λ p ) . . . P n (λ p ). On the other hand, the choice of λ p implies that the p-adic valuation of P 1 (λ p ) is exactly one. This concludes the proof of Corollary 4.2.
Proof of Theorem 1.1
We begin by recalling the statement of Hypothesis H 1 which will be needed in the proof of Theorem 1.1. It is usually formulated over an arbitrary number field, however for our application we only require its version when the ground field is Q. It was noticed by Serre [Ser92] that Hypothesis H implies Hypothesis H 1 over any number field. The proof of this fact can be found in [CTSD94, §4] .
Hypothesis H 1 . Let P 1 (t), . . . , P n (t) ∈ Q[t] be irreducible polynomials. Let S be a finite set of primes of Z containing ∞, all finite primes p where one of the polynomials P i does not have all of its coefficients in Z p or has all its coefficients divisible by p, and all finite primes less than or equal to the degree of the polynomial n i=1 P i (t). Given elements λ p in the completions Q p at finite primes p ∈ S, one may find λ ∈ Q, integral away from S, arbitrarily close to each λ p for the p-adic topology for each finite p ∈ S and arbitrarily big in R. Moreover, each P i (λ) ∈ Q is a unit in Q p for all primes p ∈ S except perhaps one prime q i , where it is a uniformising parameter.
We now continue with the proof of Theorem 1.1. Let X be as in Theorem 1.1 and as before let X = X × Z Q. The notational convention set up earlier is still in power.
Let
be given. It is convenient to write each M p = (x p , y p , t p ). Let ε > 0 and let S be a finite set of non-archimedean primes of Z for which we would like to approximate the p-adic components of {M p } with an integral point on X of distance at most ε.
In view of the inclusions X(Z) ⊆ X(Q) and X(A Z ) ⊆ X(A Q ), as sets, we shall use Hypothesis H 1 to find a point (x, y, t) ∈ Q × Q × Z lying on X. Moreover, this rational point will be an approximation in the t variable of each p-adic point M p when p ∈ S. Fixing t to be the t coordinate of this rational point gives an affine conic with a rational point. This puts us in position to apply Proposition 3.1. In this way we obtain an integral point on X which, by our arrangements, satisfies the desired approximation property.
It is clear that i=1 P i (t) = 0. This small deformation will not affect the value of the map defined in (2) for any element α ∈ Br X and hence the adélic point M p still satisfies (5.1).
Let S ⊂ S 1 be the extension of S obtained by adding 2, all the primes from Hypothesis H 1 and a single h-tuple of large enough primes p 1 , . . . , p h not from the set S which satisfy the assumptions of Proposition 4.1. We know that for each element α ∈ Br X there exists a finite set of primes outside of which the map defined in (2) vanishes identically on X(Z p ) [Sko01, §5.2 p. 101]. Large enough above means that p 1 , . . . , p h are chosen in such a way that for each of the quaternion algebras (a, P i (t)) ∈ Br X the map in (2) vanishes on X(Z p j ) for any j = 1, . . . , h. Moreover, we want p j to be such that the p j -adic valuation of c to be zero for each j = 1, . . . , h. Proposition 4.1 justifies our allowance to make such a choice. Note that the new set S 1 is still finite.
We claim that for any j = 1, . . . , h there exists a point M
) . Indeed, we have assumed that none of P 2 (t), . . . , P n (t) are linear. By Corollary 4.2 we can find an element t
). Each of the primes p j is split in O K and thus the congruence
exists by Hensel's lemma. We redefine the component M p of {M p } to be M ′ p for each of the primes p 1 , . . . , p h . Since we have chosen p 1 , . . . , p h not in S we are not replacing any of the p-adic components of {M p } that we wanted to approximate originally. Moreover, our choice of p 1 , . . . , p h is such that for each quaternion algebra (a, P i (t)) ∈ Br X the map in (2) is constant on X(Z p j ). Thus the new adélic point still satisfies (5.1).
The assumption (5.1) means, in particular, that for each i = 1, . . . n the Hilbert symbols (a, P i (t p )) p associated to the quaternion algebras (a, P i (t)) ∈ Br X satisfy (a, P i (t p )) p = 1 for almost all p and p≤∞ (a, P i (t p )) p = 1. Thus by [Ser73, Ch. III, Thm. 4] for each i = 1, . . . , n there exists a non-zero c i ∈ Q such that (a, P i (t p )) p = (a, c i ) p . Therefore for each prime p including infinity we have (a, c i P i (t p )) p = 1 and hence c i P i (t p ) is represented by x 2 − ay 2 over Q p .
We have shown that the affine variety Y ⊂ A 2n+1 Q given by Y :
has a local point with the t coordinate equal to t p for each prime p including ∞. Let W ⊂ A 2n+1 be the variety defined over Q by
It is clear that Y is the fibre product
The change of variables
defines a birational map over Q between Y and the product W × C, where C ⊂ A 2 Q is the affine conic C : u 2 − av 2 = c c 1 . . . c n .
Moreover, this birational map sends any point on Y with n i=1 P i (t) = 0 to a point on W × C with the same t. Thus for each prime p we map the local point on Y that we showed to exist above to a local point on W × C.
We will show that there exists a rational point on W × C which can be mapped back to a rational point on Y with t coordinate less than ε away from t p for each p ∈ S 1 . Before doing so let us extend the set of places at which we will be approximating once more. Let S 2 be the finite set of primes which contains all primes of S 1 and each prime p for which there is a c i with non-zero p-adic valuation. We are now in position to apply Hypothesis H 1 under which we can find an arbitrarily big λ ∈ Q such that
and such that
with q 1 , . . . , q n ∈ S 2 , the exponents l p,i ∈ Z and δ i ∈ {±1}. Observe that λ must be an integer. Without loss of generality we can assume that ε ≤ 1. Then we have
Thus λ ∈ Z p for each prime p and hence it must be an integer.
It is now easy to show that for each prime p including ∞ and each i = 1, . . . , n the rational number c i P i (λ) is represented by x 2 − ay 2 over Q p . Indeed, for each finite prime p ∈ S 2 we have |λ − t p | p < ε and hence |c i P i (λ) − c i P i (t p )| p < ε. If ε is small enough, then the above together with the fact that c i P i (t p ) is represented by x 2 − ay 2 over Q p is enough to claim that c i P i (λ) is represented as well. On the other hand, when p ∈ S 2 and p = q i , then a and c i P i (λ) are both units in Z p . Thus the Hilbert symbol (a, c i P i (λ)) p = 1 which is equivalent to c i P i (λ) being represented by x 2 − ay 2 over Q p . If a > 0, then over R the form x 2 − az 2 is indefinite and represents each real number, in particular, it represents c i P i (λ). If a < 0, then the assumption that Y (R) = ∅ and P i (t) has no real roots imply that c i P i (λ) > 0 and therefore it is represented by x 2 − ay 2 over R.
We have shown that the product of Hilbert symbols satisfies p =q i (a, c i P i (λ)) p = 1. By the product formula we conclude that (a, c i P i (λ)) q i = 1 and therefore c i P i (λ) is represented by x 2 − ay 2 over each completion of Q. By the Hasse-Minkowski theorem we conclude that it must be represented over Q. In other words, we have shown that for each i = 1, . . . , n there exist rational numbers x i and y i such that Moreover, affine conics satisfy the Hasse principle and this C has a rational point. Under the birational map defined by (5.2) we can map this point back to a Q-point on Y with the same t coordinate. This means that there exist x, y ∈ Q such that the point (x, y, λ) ∈ Q × Q × Z lies on X. In other words, we have
where δ ∈ {±1}. Here each of the exponents l * p,i may differ to l * p,i by powers of primes which divide any of c or c 1 , . . . , c n . Since there are no c i 's appearing above we can take the product to be over the primes in S 1 .
Recall that the primes p 1 , . . . , p h in S 1 cover all of the elements of Cl K in the sense of Proposition 4.1. By our choice of p 1 , . . . , p h none of them divides c and thus we have l * p,i = v p (P i (λ)) = v p (P i (t p )) for each p ∈ {p 1 . . . . , p h }. Hence the exponent of each of p 1 , . . . , p h in the product above is equal to 1.
Let S 3 be the subset of S 1 \{p 1 , . . . , p h , ∞} containing all of the primes for which n i=1 l * p,i is odd and let S 4 = S 3 ∪ {q 1 , . . . , q n }. Writing x = m/k and y = l/k and redefining k if needed gives m 2 − al 2 = δk 2 p 1 . . . p h p∈S 4 p.
The above shows that for each prime p in S 4 the p-adic valuation of m 2 −al 2 is odd. This can only happen if p divides a or if a is a quadratic residue modulo p. Remember that a is even square-free and thus d K = 4a. Hence all of the primes on the right hand side above must be either split or ramified in K. We are now in position to apply Proposition 3.1 which ensures that there exist integers µ and η such that 
What is left is to recall that |λ − t p | p < ε for each p ∈ S 2 \ {∞}. Moreover, S ⊂ S 2 . Therefore X satisfies the integral Hasse principle and the point (µ, η, λ) ∈ X(Z) satisfies the desired approximation property. This concludes the proof of Theorem 1.1.
